The problem of constructing gauge-invariant actions for conformal higher-spin fields in curved backgrounds is known to be notoriously difficult. In this paper we present gauge-invariant models for conformal maximal depth fields with spin s = 5/2 and s = 3 in four-dimensional Bach-flat backgrounds. We find that certain lower-spin fields must be introduced to ensure gauge invariance when s > 2, which is analogous to a conjecture made earlier in the literature for conformal higher-spin fields of minimal depth.
Introduction
Conformal higher spin (CHS) models in four-dimensional Minkowski space [1] were proposed more than thirty years ago. 1 A few years later, CHS superalgebras [4] and associated gauge theories in the cubic approximation [5] were constructed, as an extension of the seminal work by Fradkin and Vasiliev on higher-spin superalgebras [6] [7] [8] and interacting massless higherspin theories [9] . Finally, the Lagrangian formulation for a complete interacting bosonic CHS theory was sketched [10] and fully developed [11] in 2002; see also [12] [13] [14] for more recent related studies. However, gravitational interactions of CHS fields still remain quite mysterious.
For every positive integer or half-integer s ≥ 1, the gauge-invariant action for a conformal spin-s field contains 2s derivatives, and therefore it is a higher-derivative theory for s > 1. This higher-derivative structure implies that the problem of a consistent deformation of CHS actions from flat to curved gravitational backgrounds is nontrivial. For instance, since the 1985 work by Fradkin and Tseytlin [1] it was reasonably clear that there should exist a consistent formulation for all CHS models on arbitrary conformally flat backgrounds. However, such a formulation has been developed only recently [15] , and it also works for generalised CHS models. The latter describe conformal spin-s fields of depth t > 1, which have been studied for more than thirty years [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Dynamics of the conformal graviton (s = 2) can be consistently defined on an arbitrary Bach-flat background, since the corresponding gauge-invariant model is obtained by linearising the Weyl gravity action about its stationary point, and the equation of motion for conformal gravity is that the Bach tensor vanishes. The same is true of the conformal gravitino (s = 3/2), since the corresponding gauge-invariant model is obtained by linearising the action for conformal supergravity [26] .
For quite some time it was believed that the dynamics of a single conformal spin-s field could be consistently defined on Bach-flat backgrounds for any s > 2, see e.g. [27, 28] . However, recent studies of the conformal spin-3 theory [27] [28] [29] [30] have demonstrated [28, 29] that gauge invariance of a pure spin-3 field can only be upheld to first order in the background curvature. It was then conjectured by Grigoriev and Tseytlin [28] that it might be possible to restore gauge invariance by switching on a coupling to a conformal spin-1 field. This idea has been confirmed by Beccaria and Tseytlin [29] who explicitly worked out the spin 1-3 mixing terms. Nevertheless, due to its higher-derivative nature, the pure spin-3 sector to all orders in the background curvature is still unknown, and the story of the conformal spin-3 field in curved backgrounds remains so far unfinished.
It appears that new insights into the problem under consideration may be obtained by studying somewhat simpler dynamical systems -generalised CHS fields in a gravitational background. The point is that one can decrease the number of derivatives appearing in the action by increasing the depth of the gauge transformations. This bypasses some of the technical difficulties associated with higher-derivative models such as the conformal spin-3 one. It is for this reason that in this paper we concentrate on conformal maximal depth (CMD) fields and work out the cases s = 5/2 and s = 3. This paper is organised as follows. In section 2 we summarise the basics of generalised conformal fields and review their gauge invariant formulations on arbitrary conformally flat backgrounds. Section 3 reviews the extension of the CMD spin s = 2 model to Bach-flat backgrounds. In sections 4 and 5 we demonstrate how one can make use of lower-spin fields to achieve a gauge invariant description of CMD spin s = 5/2 and s = 3 fields in a Bach-flat background, respectively. Concluding comments are given in section 6. The main body of the paper is accompanied by a technical appendix.
Generalised conformal gauge fields
Throughout this work we make use of the conformal calculus described in [15] (building on the earlier work [31] ), to where we refer the reader for further details. The parts of this formalism that are essential to the models constructed in this paper are as follows.
In modern approaches to conformal gravity [26] , the structure group of the space-time manifold is promoted from the Lorentz group to the conformal group. The geometry of spacetime is then described by the conformally covariant derivative
where M bc , D and K a are the Lorentz, dilatation and special conformal generators respectively. Upon imposing appropriate constraints on the torsion and curvature tensors, one can show that the algebra of conformal covariant derivatives in the two-component spinor notation takes the form
Here C αβγδ andCαβ˙γδ are the self-dual and anti self-dual parts of the Weyl tensor, respectively. The commutation relations (2.2) should be accompanied by
Models for generalised conformal higher-spin gauge fields [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] in arbitrary conformally flat backgrounds were first constructed in [15] . Below we summarise their main properties.
Given a conformal gravity background, a generalised conformal gauge field φ (t) α(m)α(n) is characterised by three positive integers m, n and t. The first two specify the Lorentz type of φ (t) α(m)α(n) . This field transforms in the representation (m/2, n/2) of SL(2, C) and is usually said to carry spin s = 1 2 (m + n). The third integer t is known as the depth, and it determines the number of derivatives that appear in the gauge transformation of φ
The ordinary CHS fields with |m − n| ≤ 1 and t = 1 are sometimes referred to as Fradkin-Tseytlin fields [23] .
In order for the gauge field φ (t) α(m)α(n) and the gauge parameter λ (t) α(m−t)α(n−t) in (2.4) to be primary (i.e. annihilated by K αα ), the field must have the following (Weyl) weight
α(m)α(n) we may construct generalised higher-spin Weyl tensors [15] 
which are primary and possess the Weyl weights
Let L be a primary scalar field of weight +4. Associated with L is the functional
which is invariant under the gauge group of conformal gravity. Upon degauging (see section 3), these properties mean that the action (2.8) is invariant under Weyl transformations. In this paper we will refer to such action functionals as primary.
In any conformally flat background, the commutator of conformal covariant derivatives (2.2) vanishes. This significantly simplifies the construction of CHS models. Indeed, in such backgrounds one can show that the generalised higher-spin Weyl tensors are gauge invariant,
However this is not true in a general curved background, where the gauge variation is proportional to the Weyl tensor. All of these properties mean that the associated action,
is primary in any background, but gauge invariant only in conformally flat ones.
3 Conformal spin-2 model in Bach-flat background Given a gauge field φ (t) α(m)α(n) it is clear that we may decrease the number of derivatives appearing in the action (2.10) at the cost of increasing the depth t of the gauge transformations. This significantly reduces the amount of work required to perform calculations in backgrounds more general than conformally flat ones. Therefore, the remainder of this work will focus on extending the gauge invariance of the skeleton action (2.10) to arbitrary Bach-flat backgrounds for CMD fields with spin s = 2, 5/2, 3.
We begin by reviewing the gauge-invariant model for the maximal depth spin-2 field (corresponding to m = n = t = 2) in a Bach-flat background [15] . Upon degauging, its action coincides with the one studied earlier in Ref. [32] , where it was suggested that gauge invariance could only be upheld in an Einstein space. See below for further discussion on this.
For bosonic spin-s fields with m = n = s, we may choose the gauge field to be real,
This means that (2.6a) and (2.6b) coincide,
Since we will be dealing exclusively with CMD fields, we will usually drop all labels that refer to t when it's value is clear from the context.
The spin-2 field h α(2)α(2) is defined modulo the depth 2 gauge transformations
Here both h α(2)α(2) and λ are primary and have Weyl weights
As is the case for all four-dimensional bosonic models with maximal depth, the action (2.10) is second order in derivatives and it takes the form
This functional is not gauge invariant if the background Weyl tensor is non-vanishing, C α(4) = 0, and one can show that its variation under (3.3) is equal to
However, there is one non-minimal primary term that can be added to S
Skeleton ,
The variation of (3.7) under (3.3) is
It follows that the primary action
is gauge invariant in any Bach-flat background,
To make contact with the existing literature, it is useful to present the degauged version of this model. The process of degauging consists of fixing the special conformal symmetry by gauging away the dilatation connection, b a = 0. After this, the special conformal connection may be shown to be proportional to the Schouten tensor, f ab = 1 2 P ab . The conformal covariant derivative then reduces to
Upon degauging, the action (3.10) takes the form
where R αβαβ = (σ a ) αα (σ b ) ββ R ab − 1 4 η ab R is the traceless part of the Ricci tensor. In vector notation the transformations (3.14) read
The action (3.13) consists of two sectors that are independently invariant under Weyl transformations. Various combinations of these functionals were studied earlier in [16, 17, [33] [34] [35] when trying to construct Weyl invariant second-order models for a symmetric traceless rank two tensor. However the question of gauge invariance was first raised in [16, 17] , but only in the case of an (A)dS 4 background, where the second term in (3.13) is not present. Much later, the correct action (3.13) was proposed in [32] , but the authors considered only gauge transformations of the type
Consequently, it was concluded that gauge invariance could only be upheld in Einstein spaces, where (3.15) and (3.16) coincide. It is important to emphasise that the equation of motion resulting from (3.13) was observed in [22] to be invariant under the gauge transformations (3.15) in an arbitrary Bach-flat background. However the authors of [22] were interested in coupling the model to conformal gravity, which lead to the conclusion that the system was inconsistent.
Conformal spin-3 model in Bach-flat background
The next case that we would like to analyse is the CMD spin-3 field h α(3)α(3) , with m = n = t = 3. Its gauge freedom is
(4.1)
Both h α(3)α(3) and λ are primary and have Weyl weights
The conformal skeleton action S
has gauge variation equal to
Once again, there is only one possible non-minimal primary term that is bilinear in
and its gauge variation proves to be equal to
We would like to point out that in deriving (4.6), there is a nontrivial contribution arising from integration by parts, we discuss this technicality in more detail in the appendix.
It follows that in a Bach-flat background, the deformed action
Skeleton + 2S
is gauge invariant only to first order in the background Weyl tensor, since
This is the best that one can achieve without making use of any extra fields.
Our result (4.8) is analogous to the conclusion of Ref. [28, 29] that the pure spin-3 action cannot be made gauge invariant beyond the first order in curvature. It was also conjectured in [28] (and later confirmed in [29] ) that it might be possible to restore the spin-3 gauge invariance by introducing a coupling to a conformal spin-1 field. For the CMD spin-3 field, we are going to demonstrate that gauge invariance can indeed be restored by switching on a coupling to certain lower-spin fields.
To this aim, we introduce two lower-spin fields χ α(3)α and ϕ α(4) , along with their complex conjugatesχ αα(3) andφα (4) . They each carry the following conformal properties
Dϕ α(4) = 0 , K ββ ϕ α(4) = 0 , (4.9b) and are defined modulo gauge transformations
The right hand sides of (4.10) are fixed by the conformal properties (4.9). To cancel the variation (4.6) we introduce the following couplings between the two lower-spin fields and h, S
both of which are primary. Under (4.10) the functionals (4.11) transform as
Of course, the presence of the non-diagonal sector (4.11) forces us to introduce kinetic terms for each field so that we may cancel the first term in each of the variations (4.12a) and (4.12b). It turns out that the appropriate kinetic actions take the form 2
They are both primary and prove to have the following gauge variations
From (4.12) and (4.14) , it follows that the conformal action 15) has gauge variation that is strictly proportional to the Bach tensor,
It is therefore gauge invariant when restricted to a Bach-flat background,
Finally, we note that due to the presence of the kinetic terms, the action (4.15) does not reduce to (4.3) in the conformally flat limit, but rather to
ϕφ . Bach-flat backgrounds technically more challenging, but conceptually there is no difference. In particular, as we show below, lower-spin fields must also be introduced to render the spin-5/2 system gauge invariant beyond first order in the Weyl curvature.
The CMD spin-5/2 field ψ α(3)α (2) (which corresponds to m − 1 = n = t = 2 in the notation of section 2) is defined modulo depth two gauge transformations
Both ψ α(3)α (2) and λ α are primary and carry Weyl weights
The skeleton sector (2.10),
is composed of the two generalised Weyl tensorŝ (2) . 
Unlike the previous bosonic models, for spin-5/2 there is a family of non-minimal primary counter-terms, which is generated by the following two functionals 3 
The overall coefficients in (5.6) are chosen so that their variations may cancel that of (5.3).
To first order in the Weyl tensor, it may be shown that any linear combination of the two functionals, a 1 S (5/2) NM + a 2 S (5/2) NM , with a 2 = 0 will have gauge variation not proportional to that of S (5/2) Skeleton . Therefore it suffices to consider only the first structure (5.6a). Indeed, its gauge variation may be shown to be
We see that once again, using just the spin-5/2 field, gauge invariance can only be controlled to first order in the Weyl tensor. To go beyond this order we need to introduce two lower-spin fields 4 χ α(2)α and ϕ α (3) . They possess the conformal properties
8b)
and are defined modulo the gauge transformations
The primary couplings between these fields and the spin-5/2 field take the form
Their gauge variations may be shown to be
The kinetic actions required to cancel the variations in (5.11) proportional to the lower-spin fields are (5.15) has gauge variation that is strictly proportional to the Bach tensor
It is therefore gauge invariant in any Bach-flat background 
Concluding comments
In this paper we have provided the first two consistent models for conformal higher-spin fields propagating on four-dimensional Bach-flat backgrounds. To mitigate technical difficulties, we have considered the simpler problem associated with conformal fields of maximal depth. We have found that when s > 2, certain lower-spin fields are required in order to restore gauge invariance beyond first order in the background curvature. We have explored only the s = 5/2 and s = 3 cases in detail, but expect that similar models can be also constructed for higherspins. In such models it is likely that the number of lower-spin fields required will increase. We plan to revisit these issues in the future.
It is important to point out that the lower-spin fields are not gauge fields in the sense that they cannot have their own standard gauge transformations of the type (2.4) . This is because their conformal weights differ to that prescribed by (2.5) . This property is an artefact of the higher-depth nature of the CHS fields under consideration, and is one of the main differences to the model analysed in [29] . In Ref. [29] , the authors considered a coupling between the spin s = 1 and s = 3 conformal gauge fields with depth t = 1. In that context, it is possible to consistently entangle their gauge symmetries whilst simultaneously preserving the conformal symmetry.
To illustrate this, let us denote these fields by h (1) αα and h (1) α(3)α (3) . According to (2.5) , if they are to be conformal and defined modulo depth 1 gauge transformations (2.4), then their conformal weights are fixed to be 1 and -1 respectively. These restrictions allow for entangled gauge transformations such as 5
As per usual, the right hand sides are determined by the primary condition.
In contrast, for the maximal depth spin-3 field h
to be conformal and defined modulo the gauge transformations (4.1), its conformal weight must be equal to 1 (and so its gauge parameter λ (3) has weight -2). There is no possible way to deform the gauge transformations of the spin-1 field (or spin-2 for that matter) to include the parameter λ (3) in a way that preserves its conformal symmetry and index structure. Thus we are forced to introduce exotic fields such as χ α(3)α and ϕ α(4) , Eq. (4.10), which are not technically gauge fields and whose physical meaning is obscure.
The lower-spin fields in the CMD s = 5/2 and s = 3 models contribute to the Weyl anomalies. It would be interesting to compute these contributions.
A Aspects of integration by parts
In general, integrating by parts in conformal space is nontrivial because the conformal covariant derivative carries extra connections that give non-vanishing contributions from total derivatives. 6 However, under special conditions, which in practice are usually met, we may follow the usual procedure and ignore any total derivatives that arise. These conditions are not met for the non-minimal action (4.5) and so below we elaborate on how integration by parts works in this case.
In what follows we drop the '+ c.c.' for simplicity. The gauge variation of (4.5) is
.
(A.1)
Here I Total represents the total derivative that arises in moving from the second to third line, Typically, the action that we begin with is primary (as it is here), which means that all conformal covariant derivatives in the action take the form
where D αα is the torsion-free Lorentz covariant derivative and P αα,ββ is the Schouten tensor. Since we can always ignore total derivatives from the former, this allows us to rewrite (A.2) as I Total = − 1 12 d 4 x e P αα,ββ K ββ Z αα .
(A.5)
The above expression vanishes in most cases because Z αα turns out to be primary, however this is not true for the current example and one can instead show that (A.5) reduces to One must be careful to include this term when computing the gauge variation (4.6). This subtlety regarding integration by parts does not occur elsewhere throughout this paper.
